According to Earnshaw
example of a Coriolis-like force arising in an inertial frame.
The problem. We consider a point mass sliding without friction on a saddle surface rotating about a vertical axis, as first considered by Brouwer 7, 8 in 1918, see also 12, 13 .
Assuming the principal curvatures of the saddle at the equilibrium point to be equal, linearized equations near the equilibrium take form
x + x cos 2ωt + y sin 2ωt = 0 y + x sin 2ωt − y cos 2ωt = 0,
after appropriate rescaling of time. Alternatively, these equations govern the motion of a particle in the plane subject to the conservative force due to the rotating saddle potential. We choose to consider the special case of equal principal curvatures to avoid the distraction from the main issue: the appearance of a Coriolis-like force in an inertial frame.
In vector notation we haveẍ
where
Note that R(τ ) is a composition of the reflection with respect to the x-axis and the counterclockwise rotation through angle 2τ ; an interesting alternative interpretation of the force field in (2) results from this observation: as illustrated in Figure 1 , the field The background. The linearized equations (1) of a particle on a rotating saddle appear in numerous applications across many seemingly unrelated branches of classical and modern physics 10, [12] [13] [14] . For instance, in mechanical engineering they describe stability of a mass mounted on a non-circular weightless rotating shaft subject to a constant axial compression force 15, 16 , in plasma physics they appear in the modeling of a stellatron -i.e. a high-current betatron with stellarator fields that serves for acceleration of electron beams in helical quadrupole magnetic fields 9, 14, 17 . In quantum optics, equations (1) originate in the theory of rotating radio-frequency ion traps 11 . In celestial mechanics the rotating saddle equations describe linear stability of the triangular Lagrange libration points L 4 and L 5 in the restricted circular three-body problem [18] [19] [20] . In atomic physics the stable Lagrange points were produced in the Schrödinger-Lorentz Figure 2 : Prograde precession of a particle on a rotating saddle in the non-rotating frame for small ε = ω −1 . In this illustration ε = 0.5.
atomic electron problem by applying a circularly polarized microwave field rotating in synchrony with an electron wave packet in a Rydberg atom 20 . This has lead to a first observation of a non-dispersing Bohr wave packet localized near the Lagrange point while circling the atomic nucleus indefinitely 21 . Recently, the rotating saddle equations (1) reappeared in the study of confinement of massless Dirac particles, e.g.
electrons in graphene 22 . Curiously enough, stability of a rotating flow of a perfectly electrically conducting ideal fluid in an azimuthal magnetic field possesses a mechanical analogy which is the stability of Lagrange triangular equilibria and, consequently, the gyroscopic stabilization on a rotating saddle 23 . If the two principal curvatures of the saddle are equal and opposite (as must be the case for a harmonic potential), then the motion is stabilized 13, 16 for all sufficiently high ω. An illustration of a similar (but not equivalent) counterintuitive effect consists of a ball placed on a saddle surface rotating around the vertical axis and being in stable equilibrium at the saddle point 10 .
We note however that the rolling ball on a surface is a non-holonomic system, entirely different from a particle sliding on a surface. Another surprising phenomenon, first observed numerically, and the one we address in this Letter, is a remarkable prograde precession [9] [10] [11] , illustrated in Figure 2 , in the laboratory frame of a particle trapped in the rotating saddle with the equal principal curvatures. The precession is characteristic of the systems with ε = ω −1 ≪ 1 and does not depend on the initial conditions. Up to now the explanation of this precession has been through an explicit calculation of solutions, leaving the underlying cause of this precession somewhat mysterious.
The result. The main point of this Letter is to show that the rapid rotation of the saddle gives rise to an unexpected Coriolis-like or magnetic-like force in the laboratory frame; it is this force that is responsible for prograde precession. To our knowledge this is the first example where the Coriolis-like force arises in the inertial frame.
To state the result we assign, to any motion x = x(t) satisfying (2), its "guiding Figure 4 : A trajectory of the guiding center u superimposed on the corresponding trajectory x of a particle on a rotating saddle in the non-rotating laboratory frame.
center"
where ε = ω −1 and where J is the counterclockwise rotation by π/2:
We discovered that for large ω, i.e. small ε, the guiding center has a very simple
that is, u behaves as a particle with a Hookean restoring force − Ju. Figure 3 shows a typical trajectory of u; it is in fact the motion of a Foucault pendulum [24] [25] [26] , and just as in the Foucault pendulum the Coriolis-like term is responsible for prograde precession of u and thus of its "follower" x.
Ju were a true Coriolis force, it would have been due to the rotation of the reference frame with angular velocity
-but our frame is inertial. Alternatively, one can think of
Ju as the Lorentz force exerted on a charge (of unit mass and of unit charge) in constant magnetic field B = ε 3 4 perpendicular to the plane. Rapid rotation of the saddle gives rise to a virtual pseudo-magnetic force; as one implication, the asteroids in the vicinity of Lagrange triangular equilibria behave like charged particles in a weak magnetic field, from the inertial observer's point of view.
We discovered the transformation (3) via a somewhat lengthy normal form argument 5, 6 which, due to its length, will be presented elsewhere. Nevertheless, once the transformation (3) has been produced, the statement (4) can be verified directly by substituting (3) into (2); we omit the routine but slightly lengthy details. Figure 4 shows a solution x alongside its "guiding center" u. We note, as a side remark, that near the origin the solution follows the trajectory of the guiding center rather closely, reflecting the fact that oscillatory micromotion is small near the origin, as is clear from the governing equations (1).
In summary, we showed that the rapid rotation of the saddle potential has the effect of creating a weak "magnetic field", or a Coriolis-like force, in the inertial frame.
